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Freud [2] has obtained the following theorems by using a well-known 
result of Newman [4]. 
THEOREM 1. There is a rationnl fkctiorz TV* = P,(x)/Q,(x) af degree 
gt most E, far which for all II > 5, 
Theorems 3 and 4 of this note are results on the approximation of 
1 x i/l + .+ by reciprocals of polynomials of degree S&V. on (-co, + co), 
J% being a positive integer. Theorems 5 and 6 show that the exact order of 
approximability of x/l + .P1 on [O, ~1) by reciprocals of polynomials of 
degree \(iz Cn(1/m)-2. Finally we show that (1 + >:)/(I + 9) can be ap- 
proximated by reciprocals of polynomials of degree <n on [O, m) to the 
order of C,(Iog n)n-l but not better than C&j. 
We use throughout our work C, C, , C, , C, ,..., to denote positive 
constants and T,(X) to denote the nth Chebyshev polynomial of the firstkind. 
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LEhfMAS 
LEMMA 1. There is a polynomial P,*(x) of degree <rz for which 
Remark. This result improves a recent result of Lungu [3]. 
Proof. Let IZ be odd and 
C is chosen so that P*(l) = 1. 
Clearly P(x) is an even polynomial of degree 272 - 2. By evenness we’ 
consider only x E [0, 11. Write 
1 F(Tj-x= 
.ro”(Trdt - 
Now if we write t = sin 8, then T,(t) = (-l)(iz-l)p sin 120 and so we .have 
the upper bounds, / Tn(t)/t / < II, 1 TJt)/t / < l/t, and a lower bound, 
1 T%(t)/t 1 > 21~~ n, throughout 0 < t < sin 4212. 
For 0 < x < sin 7r/2n, Js (Tn(t)/t)2 dt > 4n”x/z-“; 
Therefore, for 0 < x < sin 7r/2n, 
For sinn/2n <x < 1, 
and hence, 
The lemma follows easily from (1) and (2). 
Proo$ Choose n even and set 
This is a polynomial since TJ-cos r/2n) = 0. Since Q(0) = 1, P,(x) = 
(1 - Q&x)).ix is a polynomial. Set 6 = cos -rr,i.& - cos T/H: then on LO, t] 
1 S’.y--= 8 - (8 + x) Q(x) ~ 1 + (-I)” TJX - SOS 57(h) 
P,(s) 1 - Q(x) = a I + (--I)” If T,,(,s - SOS 7-+!) 
* ! (4,) 
zzz *&f = 6 1 + f 
1’ 
where f~ L-1. l], SE [O, I]. 
Wow it is easy to check that 0 < A4 < 26. Hence 0 :< 6 - .Y - I.!P,,(x) < 23, 
i.e., 
Hence: the lemma is proved. 
LEMMA 3. [6, p. 681. Let P(x) be any poiyomiaI C$ degree at most !z 
~atL$?ing j P(x)/ < M on [a, b]. Then at anll point outside !a, b]9 we hare 
NEW THEOREMS 
THEOREM 3. There is a polynomial P,*(x) of degree <n for which .for* 
nil large n (11 > 2m, where. FB is anJ,Jixed positive iflteger)7 
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pt~~of. By Lemma 1, we have for 0 < x < (rz - 2m)1’2’n, and an ap- 
propriate polynomial PnezYn of degree <II - h1, 
Therefore, for 0 < j .x I < (n - 2m)l!‘“‘, 
On the other hand, for j x / > (n - 2111)l~~~~, 
1x1 
It.u”l” - (1 + xznz; P,-a,,(x) 
( 2 Ix I < -Cl1 Cl1 
\v+ , xqzi < (n - 2m)l-l/?m ’ 
(6) 
(7) 
since from the construction of the polynomial P(x) in Lemma 1, we have 
forall/xI >I, 
Now (5) follows from (6) and (7). 
THEOREM 4. For e oery polynomial 
11 xl/‘2 1 II 
P,(x) of degree <n, 
Remark. By changing x112 to x in (8), we get 
Proof. Let us assume on the contrary 
I. 
,yl P 1 1 ___-- 
1 + xm P,(x) I! 
< 
L,[O,d 
2(jn1-1m . 
(8) 
(9) 
(10) 
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i.e., 
Max ~ P,,(x)~ < j17’-L’2~~ig. 
e,,<r<n”2’” 
Hence by applying Lemma 3 to (12) we get 
/ P,n(o)I < 14?F:“J”. 
(lS> 
(13j 
On the other hand we get by (lo), 
which is inconsistent with (13). 
Proof, Suppose 
(16) 
1 I I 1 
3 (2,11-1,4,")~ 
1 210 -> 
P,(s) . p- (32n1-1t2~~)” (3&+L ZJX)l > (3~ni-1:“07)” t 
hence, 
(17; 
By applying Lemma 3 to (17) we get 
1 PJO)l < 5Lqnl-~9”)“. 
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On the other hand, we have from (16), 
( P,(O)1 > (32r~l-ll”~)“, (19) 
contradicting (18). 
THEOREM 6. There is a polynomial Q,,,*(x) of degree at most n for which, 
for all large n (11 > 2m, m is any$xedyositive irzteger), 
ProoJ By Lemma 2, we have for 0 < x < (n - 2172)1/fll = 6, , 
(20) 
(21) 
From the construction of the polynomial P,(x) in Lemma 2, we have 
0 < I/P&) < 2x forall s31,12>4. (22) 
For 0 < x < 6, , with en(x) = S;lP,-,,,(x/G,), 
(23) 
On the other hand, for x > (~2 - 217~)~/n~, we get for all large n, by (22), 
s 
(1 + x2$ Qli(x) < 
3.x 1 
pp- 1 + +i G c16x2”“-1 
< Cl,(lZ - 2m-p+l@. 
The required result (20) follows from (23) and (24). 
(24) 
THEOREM 7. For every polynomial P,(x) of degree n >, 2, 
Proof. Suppose 
(25) 
Set Qn71(x) = (I + x) P,(x) - (1 + x’). Then. from (25) and (28), for 
0 < .J.- ::g ;I’), 
(29i 
Now by applying Lemma 3 to (29), we get 
p *iy) = Pl(.4 L CP,‘,!-q , 
II ’ 11 s 
C is such that P(x) is a polynomial: 
‘Then on [O, 212 (9 log i~)-l], 
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On the other hand, for x > 2n/(9 log n), 
1+x I 
1 + .?? Ffp 
(1 + 4 ___- 
(1 + x”) I 
CPd-4 
(1 + x”) + CP,,,(x) /I 
,1+x 2 log II 
(33) 
‘1-t.u2 < _u < Gil-y’ 
The required result (31) follows from (32) and (33). 
Note Added in Proof. By replacing (log n)n by [(log n)/rz12 and 12-B by n-3 in the proof 
of Theorem 8, one can replace (log n)/n in (31) by [(log n)/n]“. 
REFERENCES 
1. PAUL ERD~S, DONALD J. NEWMAN, AND A. R. REDDY, Rational approximation (II), 
Advances in Math., to appear. 
2. G. FREUD, A remark concerning the rational approximation to j x 1, Sfudia Sci. Math. 
Hungar. 2 (1967), 115-117. 
3. K. N. LUNGU, Best approximation of I x j by rational functions of the form l/&(x), 
Siberian Math. J. 15 (1974), 1152-1156. 
4. D. J. NEWMAN, Rational approximation to 1 x 1, Michigan Math. J. 11 (1964), 11-14. 
5. D. J. NEWMAN AND A. R. REDDY, Rational approximation (III), submitted for publica- 
tion. 
6. A. F. TI~WN, Theory of approximation of functions of a real variable, Macmillan, 
New York, 1963. 
